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As a complex system, the control performance of small unmanned aerial rotorcraft is easily affected by the dynamic model errors,
measurement errors, and environment disturbances. This paper proposes a disturbance observer based control method to improve
performance. The disturbance observer based control is constructed by the feedback control and a series of integral filters. The
systemstabilitycanbeguaranteedbythefeedbackcontrolmethod.Furthermore,thedisturbancescanbeestimatedandeliminated
quicklybytheintegralfilters.Therefore,thecontrolperformancecanbeimprovedeffectively.Thecontrolperformanceofthedistur-
banceobserverbasedcontrolhasbeenvalidatedbyaseriesofflighttests.Comparedwithfeedbackcontrol,thedisturbanceobserver
based control yields a better tracking performance in the presence of disturbances.
1. Introduction
With the ability of taking off and landing vertically, as well as
hovering, small unmanned aerial rotorcrafts (SUARs) have
been widely used in many fields, including city map data
acquisition, road traffic monitoring, and power line inspec-
tion [1–3].
Since there exist dynamic model errors, measurement
errors, and environment disturbances in the flight process of
SU ARsystem,itishardtorealizestablecontrol[4].Therefore,
how to improve the control performance for SUAR system
has attracted many attentions in recent years [5]. PID, robust
control, and intelligent control methods have been proposed
for SUAR system [6–12]. Due to its simple structure, PID
c o n t r o lm e t h o di so ft e nu s e di nS U A Rs y s t e m s[ 13, 14]. How-
ever, PID control has little robustness to environment distur-
bances.Withhighperformanceindealingwithsystemdistur-
bances, Robust control, such as 𝐻2, 𝐻∞,a n dL Q R ,a r eo ft e n
usedtoimprovesystemstability[15,16].Robustcontrolhasits
limitationinsystemdynamicresponsecharacteristics.Intelli-
gentcontrolcancopewithparameteruncertaintieseffectively
[17, 18] .B u ti tn e e d sal o to ft r a i n i n gt i m ea n ds a m p l ed a t at o
realize stable control [19].
Generally, there exist dynamic model errors, measure-
menterrors,andenvironmentdisturbancesforSUARsystem.
The dynamic model errors and measurement errors can
be treated as disturbances with certain bound. Disturbance
observer based control strategies have been applied in many
control areas to improve control performance [20, 21]. With
the disturbance observer based control, system disturbances
can be estimated and compensated effectively. The objective
of this paper is to propose a disturbance observer based
control method to improve system stability and dynamic
response performance. The disturbance observer based con-
trolisconstructedbythefeedbackcontrolandaseriesofinte-
gralfilters.Thesystemstabilitycanbeguaranteedbythefeed-
back control method. Furthermore, the disturbances can be
estimated and eliminated quickly by the integral filters.
Therefore, the control performance can be improved effec-
tively.
Thispaperisorganizedasfollows.Section 2describesthe
dynamicmodelofSUARsystem.InSection 3,thedisturbance
observer based control method is presented, and system
s t a b i l i t yi sp r o v e db yt h eL y a p n o vf u n c t i o n .Th e n ,as e r i e so f
flight tests validate the effectiveness of the proposed control
methodinSection 4,followedbytheconclusioninSection 5.2 Mathematical Problems in Engineering
2. Dynamic Model of SUAR System
ThedynamicmodelofSUARcanbederivedfromarigidbody
with six degrees of freedom. The main rotor, tail rotor, hori-
zontal tail, vertical tail, and fuselage generate control forces
andmomentstorealizestablecontrol.Therefore,thedynamic
model of SUAR can be defined as follows:
𝑚 ⃗̇ 𝑉+𝑚( ⃗ 𝜔× ⃗ 𝑉) = ⃗ 𝐹,
𝐼 ⃗̇ 𝜔+( ⃗ 𝜔×𝐼 ⃗ 𝜔) = ⃗ 𝑀,
(1)
where 𝑚 is the mass of SUAR system. ⃗ 𝑉=[ 𝑢V 𝑤]
򸀠 is
velocity vector, and 𝑢,V,𝑤are the velocities along the inertial
coordinate frame. ⃗ 𝜔=[ 𝑝 𝑞 𝑟 ]
򸀠 is angular rate vector, and
𝑞, 𝑝, 𝑟 are the corresponding angle rates along the body co-
ordinate frame. ⃗ 𝐹=[ 𝑋𝑌𝑍 ]
򸀠 and ⃗ 𝑀=[ 𝐿𝑀𝑁 ]
򸀠 are
vectorsofexternalforcesandexternalmoments,respectively.
𝐼 is the system inertial tensor.
B a s e do nt h eN e w t o n - E u l e re q u a t i o n s ,t h el i n em o t i o n
and angular motion of SUAR system can be derived from (1),
that is,
̇ 𝑢=V𝑟−𝑤 𝑞−𝑔sin𝜃+
(𝑌mr +𝑌 fus +𝑌 tr +𝑌 vf)
𝑚
,
̇ V =𝑤 𝑝−𝑢 𝑟+𝑔sin𝜙cos𝜃+
(𝑋mr +𝑋 fus)
𝑚
,
̇ 𝑤=𝑢 𝑞−V𝑝+𝑔cos𝜙cos𝜃+
(𝑍mr +𝑍 fus +𝑍 ht)
𝑚
,
̇ 𝑝=𝑞 𝑟
(𝐼𝑦𝑦 −𝐼 𝑧𝑧)
𝐼𝑥𝑥
+
(𝐿mr +𝐿vf +𝐿tr)
𝐼𝑥𝑥
,
̇ 𝑞=𝑝 𝑟
(𝐼𝑧𝑧 −𝐼 𝑥𝑥)
𝐼𝑦𝑦
+
(𝑀mr +𝑀 ht)
𝐼𝑦𝑦
,
̇ 𝑟=𝑝 𝑞
(𝐼𝑥𝑥 −𝐼 𝑦𝑦)
𝐼𝑧𝑧
+
(𝑁vf +𝑁 tr −𝑄 𝑒)
𝐼𝑧𝑧
,
(2)
where 𝜃, 𝜑, 𝜓 are the pitch, roll, and yaw angle in earth
c o o r d i n a t ef r a m e ,r e s p e c t i v e l y .Th es u b s c r i p tm r ,f u s ,t r ,v f ,
and ht indicate the forces or moments generated by the main
rotor, fuselage aerodynamics effects, tail rotor, vertical fin
and horizontal tail, respectively. Since weight force acts in
the vertical position, it does not produce a moment directly.
The corresponding forces generated by the weigh force are
introduced by coordinate transformation. 𝑄𝑒 is the torque
producedbythetailrotortocounteractwiththeaerodynamic
torque on the main rotor blades.
Withtherelationshipbetweentheearthcoordinateframe
and body coordinate frame, the kinematic transformation
matrix of SUAR system can be described by the Euler angles,
that is,
[
[
̇ 𝜙
̇ 𝜃
̇ 𝜓
]
]
= [ [
[
1 tan𝜃sin𝜙 tan𝜃cos𝜙
0 cos𝜙− sin𝜙
0
sin𝜙
cos𝜃
cos𝜙
cos𝜃
] ]
]
[
[
𝑝
𝑞
𝑟
]
]
=
[ [ [
[
𝑝+tan𝜃(𝑞sin𝜙+𝑟cos𝜙)
𝑞cos𝜙−𝑟sin𝜙
(𝑞sin𝜙+𝑟cos𝜙)
cos𝜃
] ] ]
]
.
(3)
For SUAR system, Bell-Hiller stabilizer bar is used as a
lagged rate feedback to improve system stability. Since the
flappingmotionisaperiodicmotion,thegeneralsolutionfor
the flapping equation can be represented by an Infinite
Fourier Series. Therefore, the dynamic model of rotor flap-
p i n gm o t i o nc a nb ed e fi n e da sf o l l o w s :
̇ 𝑎1𝑝 =− 𝑞+𝐾 𝑏𝑝−𝐾 𝑎𝑎1𝑝 +𝐾 2𝐵1𝑠,
̇ 𝑏1𝑝 =𝐾 𝑏𝑞−𝑝−𝐾 𝑎𝑏1𝑝 +𝐾 1𝐴1𝑠,
(4)
where 𝑎1𝑝 and 𝑏1𝑝 are longitudinal blade angle and lateral
blade angle, respectively. 𝐴1𝑠 and 𝐵1𝑠 are longitudinal cyclic
input and lateral cyclic input, respectively. 𝐾𝑏, 𝐾𝑎, 𝐾1, 𝐾2 are
identification parameters.
With the small perturbation theory, the dynamic equa-
tion and kinematic equation of SUAR can be linearized to
reduce computation complexity. Therefore, the dynamic
model of SUAR can be constructed as follows:
̇ 𝑥(𝑡) =𝐴 𝑥(𝑡) +𝐵(𝑢(𝑡) +𝑑(𝑡)), (5)
where 𝑥=[ 𝜃 ,𝜙 ,𝜓 ,𝑢 ,V,𝑤,𝑞,𝑝,𝑟,𝑎 1𝑝,𝑏 1𝑝]
𝑇 ∈𝑅
𝑛 is state var-
iable, representing the corresponding angle, velocity, angle
velocity, and blade angle information. 𝑢∈[ 𝐴 1𝑠,𝐵 1𝑠,𝐴𝑀,
𝐴𝑇]
𝑇 ∈𝑅
𝑚 is control input, representing longitudinal cyclic
input,lateralcyclicinput,collectiveandheading,respectively.
𝑛and𝑚arethedimensionofstatevariableandcontrolinput,
respectively. 𝐴∈𝑅
𝑛×𝑛 and 𝐵∈𝑅
𝑛×𝑚 are the coefficient
matrixes. 𝑑∈𝑅
𝑚 is the bounded disturbance, denoting wind
disturbances, atmospheric turbulences, measurement errors,
and system parametric uncertainties of SUAR system.
Assumption 1. The (𝐴,𝐵) is controllable.
Assumption 2. The disturbance 𝑑(𝑡) is bounded with an
unknown bound.
The control objective is to construct the control strategy
to estimate and eliminate the disturbances effectively.
3. Disturbance Observer Based Control
From Assumption 1, the SUAR system is controllable. Thus,
the control input can be constructed by two parts. One is
the state feedback control input 𝐾𝑥(𝑡), and the other is the
estimation of system disturbances ̂ 𝜔(𝑡),t h a ti s ,
𝑢(𝑡) =−̂ 𝜔(𝑡) +𝐾 𝑥(𝑡), (6)Mathematical Problems in Engineering 3
where ̂ 𝜔(𝑡)istheestimationvalueofsystemdisturbances,and
𝐾 is the weight matrix of the feedback control.
Therefore,thedynamicmodeloftheSUARsystem can be
transformed as follows:
̇ 𝑥(𝑡) = (𝐴+𝐵 𝐾 )𝑥(𝑡) +𝐵(−̂ 𝜔(𝑡) +𝑑(𝑡)). (7)
Definetheerrorbetweenthedesiredstatevariable𝑥𝑑 and
the real state variable 𝑥 as
𝑒=𝑥−𝑥 𝑑. (8)
Therefore, the error dynamic model can be defined as
follows:
̇ 𝑒(𝑡) = (𝐴+𝐵 𝐾 )𝑒(𝑡) +𝐵(−̂ 𝜔(𝑡) +𝜔(𝑡)), (9)
where 𝐵𝜔(𝑡) = 𝐵𝑑(𝑡) + (𝐴 + 𝐵𝐾)𝑥𝑑 − ̇ 𝑥𝑑.
Since𝑥𝑑(𝑡)isthestatevariablewithupperbound, ̇ 𝑥𝑑(𝑡)is
thestatevariablewithupperbound.BasedonAssumption 2,
𝑑(𝑡) is the system disturbance with bound. Thus, 𝜔(𝑡) is a
function vector with bound. If the disturbance 𝜔(𝑡) can be
estimated by the disturbance observer ̂ 𝜔(𝑡),t h ec o n t r o lp e r -
f o r m a n c ec a nb ei m p r o v e de ff e c t i v e l y .
Lemma 1. Considering the following integral filters:
̇ 𝜂(𝑡) =− 𝗼 𝜂(𝑡) +( 𝗼−𝗽 )𝑒
−𝗽𝑡𝜂(0) + ∫
𝑡
0
𝑒
−𝗼(𝑡−𝑠)𝐵𝜔(𝑠)𝑑𝑠,
̇ ̂ 𝜂(𝑡) =− 𝗼 ̂ 𝜂(𝑡) +( 𝗼−𝗽 )𝑒
−𝗽𝑡̂ 𝜂(0) + ∫
𝑡
0
𝑒
−𝗼(𝑡−𝑠)𝐵̂ 𝜔(𝑠)𝑑𝑠,
(10)
where 𝗼 and 𝗽 a r ep o s i t i v ec o n s t a n tv a l u e s .𝜂(0) and ̂ 𝜂(0) are
initial values, and ̂ 𝜔(𝑡) is the estimation value of 𝜔(𝑡).
Define the error between the estimation value ̂ 𝜔(𝑡) and
real value 𝜔(𝑡) as
̃ 𝜔(𝑡) = ̂ 𝜔(𝑡) −𝜔(𝑡). (11)
With the integral filters, the true value 𝜔(𝑡) can be
converged by the estimation value ̂ 𝜔(𝑡) quickly, that is,
|𝐵̃ 𝜔(𝑡)| ≤𝗿 𝑒
−𝜎𝑡, (12)
where 𝗿, 𝜎 are positive constant values.
The estimation value ̂ 𝜔(𝑡) can be obtained from the fol-
lowing integral equation:
∫
𝑡
0
𝑒
𝗼𝑠𝐵̂ 𝜔(𝑠)𝑑𝑠 = 𝗼𝑒
𝗼𝑠 ∫
𝑡
0
𝑒
−𝗼𝑠𝜓(𝑠)𝑑𝑠 + 𝜓(𝑡), (13)
where
𝜓(𝑡) =( 𝗽−𝗾 )𝑒
(𝗼+𝗾−𝗽)𝑡 (̂ 𝜂(0) −𝜂(0))
+𝗽 𝑒
(𝗼−𝗽)𝑡𝜂(0) +( 𝑒
𝗾𝑡 −1 )
× ∫
𝑡
0
𝑒
𝗼𝑠V(𝑠)𝑑 𝑠+( 𝗼+( 𝗾−𝗼 )𝑒
𝗾𝑡)
× ∫
𝑡
0
[𝜃(𝑠) + ∫
𝑠
0
𝑒
𝗼𝑠V(𝑟)𝑑𝑟]𝑑𝑠
+( 𝑟
𝗾𝑡 −1 )𝜃(𝑡),
(14)
Figure 1: The SUAR system.
Figure 2: The MGNC system.
where V(𝑡) = −(𝐴 + 𝐵𝐾)𝑒(𝑡), 𝜃(𝑡) = 𝑒
𝗼𝑡𝑒(𝑡) − 𝑒(0) −
𝗼∫
𝑡
0 𝑒
𝗼𝑠𝑒(𝑠)𝑑𝑠.
The proof can be found in Appendix A.
Theorem2. AccordingtoLemma 1,withthecontroller(6)and
the observer (10),t h es y s t e m(5) is stable. The system distur-
bances can be estimated and eliminated effectively, and the
tracking error 𝑒𝑖 →0 ,a s𝑡→∞ .
The proof can be found in Appendix B.
4. Flight Test
The SUAR system is constructed by a radio-controlled hobby
helicopter,showninFigure 1.TheSUARis1.46minspanand
1.3minlength.Thetotalweightis5kg.TheSUARispowered
by a piston engine running on a mixture of methanol and oil.
Five motors are used to control throttle, longitudinal cyclic
input, lateral cyclic input, collective and heading. With the
constraint of weight and size, the micro guidance, navigation
and control (MGNC) system with small weight is developed
to realize stable control, shown in Figure 2.Th eM G N Ci s
only 207g. It consists of a horizontal main board, housing
three angular rate gyros and two 2-axis accelerometers. The
angular rate gyro employs the LCG50 gyro that the constant
driftis80degree/hour.TheaccelerometeremploystheModel
1 2 2 1t h a tt h eb i a si s1m g .Th eN o v a t e lR T KD G P Si su t i l i z e d
to provide position and velocity information. And the bias
error is 0.3m. Furthermore, the compass that was generated
by the Honeywell is used to provide heading information
and the measurement error is less than 1 degree. Moreover,
Motorola MPXA 6115 is chosen as the barometer to provide4 Mathematical Problems in Engineering
altitude information. Based on the ARM chip AT91RM200
and a DSP chip ADSP21364, MGNC system can get sensor
information from angular rate gyros, accelerometers, DGPS,
a n db a r o m e t e rs e n s o r s .W i t ht h ea d a p t i v eK Fa l g o r i t h m ,t h e
attitude error in pitch and roll angles are less than 0.5 degree,
and the error for yaw angle is less than 0.8 degree. The navi-
gation frequency is 50Hz [20].
The flight control system of SUAR is composed by the
flight scheduling layer and the kernel control layer. The flight
scheduling layer is to guarantee the trajectory following per-
formancefortheprescheduleflighttasks.BasedontheDGPS
and compass information, system generates the planned atti-
tudeanglestokeepitasymptoticallystable.Thekernelcontrol
layer is to realize attitude control. Based on the proposed
method,thesystemadjuststhrottle,longitudinalcyclicinput,
lateral cyclic input, collective and heading to realize high
performance control. The update cycles of the kernel control
layerandtheflightschedulinglayerare20msand100ms,re-
spectively.
With the adaptive GA, the weight matrixes 𝐴∈𝑅
𝑛×𝑛 and
𝐵∈𝑅
𝑛×𝑚 c a nb eg o tf r o mt h efl i g h td a t a[ 21]:
𝐴=
[ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [
[
0 0 0 0 0 0 0 10000
0 0 0 0 0 0 0 01000
0 0 0 0 0 0 0 00100
1.2481 0 0 0.9934 0 0 0 00000
0 0.8147 0 0 0 1.0002 0 00000
0 0 0 0 0 0 1.0013 00000
0 0 0 −0.2347 0 −0.0114 0 −0.4402 0 0 8.743 4.261
0 0 0 −0.0738 0 −0.0415 0 0 −0.4396 0 −3.412 5.743
0 0 0 0 0 0 0.0001 0 0 −0.0245 0 0
0 0 0 0 0 0 0 −1 0.0647 0 −11.456 0
0 0 0 0 0 0 0 0.0647 −1 0 0 −11.456
] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ]
]
, (15)
𝐵=
[ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [
[
0000
0000
0000
0 −1.1386 0 0
−0.7954 0 0 0
0 0 −0.1284 0
0.4279 1.7823 0 0
−0.3112 −1.1356 0 0
0 0 0 −1.1385
0 15.8763 0 0
15.8763 0 0 0
] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ]
]
. (16)
Basedonthepoleassignmenttheory,thefeedbackcontrol
matrix 𝐾 can be defined as
𝐾=[ [
[
4.3580 2.0151 −0.6039 3.8038 2.8587 0.3234 1.4260 1.7467 0.3440 0.3215 0.1148
8.2037 −2.7753 −1.4599 7.7734 −3.2731 0.1765 1.6774 −1.4569 0.3853 0.4916 −0.2029
−1.1356 0.1203 −0.8201 0.3201 0.0003 −13.1023 −4.0077 5.6982 −1.4049 −4.1813 7.2079
31.6250 −57.4912 −76.9994 29.5218 −67.0971 0.2203 34.2618 −19.6663 −7.3486 24.9242 −0.8321
] ]
]
.
(17)
Totesttheeffectivenessofthedisturbanceobserverbased
control method, a comparison flight test between the feed-
back control and the disturbance observer based control has
been done on the SUAR system. The same feedback control
parameter𝐾waschosenforthefeedbackcontrolmethodand
the disturbance observer based control method. The flight
task included a straight flight with low speed and a hovering
flighttest.Thestartpointwassetas(0,−100,20),andtheend
pointwassetas(0,0,20).TheSUARfliedfromthestartpoint
to end point directly and then hovered at the end point. The
largest and the smallest wind disturbances were 4.37m/s and
2.41m/s, respectively. The flight trajectories generated by the
feedbackcontrolmethodandthedisturbanceobserverbased
control are shown in Figure 3. The corresponding pitch and
roll angles are shown in Figures 4 and 5, respectively. The dot
line and solid line are the control trajectories generated by
the feedback control and the disturbance observer based
control, respectively. From Figures 3–5,i ti se a s yt os e et h a t
the two control methods can realize stable control under
winddisturbances.Inthestraightflightwithlowspeedphase,Mathematical Problems in Engineering 5
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Figure3:Thecomparisonofflighttrajectoriesbetweenthefeedback
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Figure 4: The comparison of pitch angle between the feedback con-
trolanddisturbanceobserverbasedcontrolunderwinddisturbance.
themaximumdeviationfromtheplannedtrajectoriesandthe
mean deviation error generated by the disturbance observer
based control are 0.37m and 0.18m, respectively, that are
nearly38percentofthevaluesgeneratedbythefeedbackcon-
trol method. For the feedback control method, there exists a
large distance deviation from the end point due to wind dis-
turbance, and the maximum deviation is 1.97m. The distur-
bance observer based control can make a good estimation
f o rw i n dd i s t u r b a n c e s ,a n dt h em a x i m u md i s t a n c ed e v i a t i o n
fr o mt h ee n dpo i n ti s0 . 3 5m .Th el a r g e s tp i t c ha n dr o l la n gl e s
are 2.1 degree and 4.2 degree, respectively, that are the per-
mission range of SUAR system.
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Figure5:Thecomparisonofrollanglebetweenthefeedbackcontrol
and disturbance observer based control under wind disturbance.
Furthermore, a rectangle cruise flight with different
height has also been tested on the SUAR system. Point 1 (0,
0, 20), point 2 (50, 0, 20), point 3 (50, 30, 20), point 4 (50, 30,
30),point5(50,50,30),point6(0,50,30),point7(0,30,30),
and point 8 (0, 30, 20) were set as the hovering points. When
t h eS U A Rr e c e i v e dt h ea u t op i l o tc o m m a n d ,i th o v e r e da tt h e
p o i n t1 ,a n dt h e na d j u s t e dt h eh e a d i n gb a s e do nt h ec o o r -
dinate relationship between point 1 and point 2. When the
error of position and speed satisfied the criteria threshold of
hoveringstage,theSU ARfliedtopoint2.W iththesameflight
process, the SUAR cruised hovering point 1–8 and then
hovered at the point 1. In the flight process, the SUAR pulled
up the height from point 3 to point 4, and dropped the
height form point 7 to point 8. The wind disturbance was
from 2.3m/s to 3.8m/s, measured by the anemometer. The
3D flight trajectories and the projection of 3D flight tra-
jectories on the coordinate plane of the east and north are
showninFigures6and7,respectively.Thedotline,solidline,
and dash line are the planned trajectories, the control tra-
jectoriesgeneratedbythedisturbanceobserverbasedcontrol
and the feedback control, respectively. The corresponding
pitch and roll angles are shown in Figures 8 and 9,r e s p e c -
tively. For the disturbance observer based control, the max-
imum deviation error is 1.21m that is similar with value
generatedbythefeedbackcontrolmethod,butthemeanerror
is0.47mthatisnearly68percentofthemeanerrorgenerated
by the feedback control method. In the flight process, the
disturbance observer based control could make a good esti-
mation for system disturbances and made the corresponding
adjustments to improve control performance. The ranges of
pitchangleandrollangleare9.3degreeand3.1degree,respec-
tively, that is less than the values generated by the feedback
control method.6 Mathematical Problems in Engineering
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Figure 6: The comparison of flight trajectories of the SUAR using
the feedback control and the disturbance observer based control.
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Figure 7: The projection of 3D flight trajectories on the coordinate
plane of east and north.
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Figure 8: The roll angles of the SUAR using the feedback control
and the disturbance observer based control.
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Figure 9: The pitch angles of the SUAR using the feedback control
and the disturbance observer based control.
5. Conclusion
In this paper, a disturbance observer based control method is
proposed to deal with system disturbances in flight process.
B a s e do nt h ef e e d b a c kc o n t r o l ,s y s t e ms t a b i l i t yc a nb e
guaranteed. With a series of integral filters, the disturbances
can be estimated and eliminated quickly, thus the control
performance can be improved effectively. The effectiveness
of the disturbance observer based control has been demon-
strated by a series of hovering and straight flight tests for
the SUAR system. The maximum deviation from the planned
trajectoriesand the mean positionerror generated are 0.37m
a n d0 . 1 8 m ,r e s p e c t i v e l y ,i nt h es t r a i g h tfl i g h tp r o c e s s ,t h a t
are nearly 38 percent of the values generated by the feedback
control method. Since the same feedback control parameters
are used for the disturbance observer based control method
a n df e e d b a c kc o n t r o lm e t h o d ,t h efl i g h tt e s t ss h o wt h a t
the disturbance observer based control can make a good
estimation for system disturbances and improve the control
performance effectively.
Appendices
A. Proof of Lemma 1
Consider the following differential equation:
̇ ̂ 𝜂(𝑡) − ̇ 𝜂(𝑡) +𝗾(̂ 𝜂(𝑡) −𝜂(𝑡))+𝑒
−𝗾𝑡 ̇ 𝜂(𝑡) =0 . (A.1)
Its solution is ̂ 𝜂(𝑡) = (1 − 𝑒
−𝗾𝑡)𝜂(𝑡) + 𝑒
−𝗾𝑡𝜂(0).
Thus, ̂ 𝜂(𝑡) can converge to 𝜂(𝑡) quickly.
For (10), the solution is
̂ 𝜂(𝑡) =𝑒
−𝗼𝑡̂ 𝜂(0)
+𝑒
−𝗼𝑡∫
𝑡
0
𝑒
𝗼𝑠 [(𝗼 − 𝗽) 𝑒
−𝗽𝑠̂ 𝜂(0) + ∫
𝑠
0
𝑒
−𝗼(𝑠−𝑟)𝐵̂ 𝜔(𝑟)𝑑𝑟]𝑑𝑠,Mathematical Problems in Engineering 7
𝜂(𝑡) =𝑒
−𝗼𝑡𝜂(0)
+𝑒
−𝗼𝑡 ∫
𝑡
0
𝑒
𝗼𝑠[(𝗼−𝗽)𝑒
−𝗽𝑠𝜂(0)+∫
𝑠
0
𝑒
−𝗼(𝑠−𝑟)𝐵𝜔(𝑟)𝑑𝑟]𝑑𝑠.
(A.2)
Submit (A.2)i n t o( A.1), then
∫
𝑡
0
𝑒
𝗼𝑠𝐵̃ 𝜔(𝑠)𝑑𝑠 + (𝗾−𝗼 )∫
𝑡
0
∫
𝑠
0
𝑒
−𝑟𝑠𝐵̃ 𝜔(𝑟)𝑑𝑟𝑑𝑠 = 𝜙(𝑡),
(A.3)
where
𝜙(𝑡) =( 𝗽−𝗾 )𝑒
(𝗼−𝗽)𝑡 (̂ 𝜂(0) −𝜂(0))
+𝗽 𝑒
(𝗼−𝗽−𝗾)𝑡𝜂(0) −𝑒
−𝗾𝑡 ∫
𝑡
0
𝑒
𝗼𝑠𝐵𝜔(𝑠)𝑑𝑠
+𝗼 𝑒
−𝗾𝑡 ∫
𝑡
0
∫
𝑠
0
𝑒
𝗼𝑟𝐵𝜔(𝑟)𝑑𝑟𝑑𝑠.
(A.4)
D e fi n i n gt h ea u x i l i a ryv a r i a b l e
Φ(𝑡) = ∫
𝑡
0
∫
𝑠
0
𝑒
𝗼𝑟𝐵̃ 𝜔(𝑟)𝑑𝑟𝑑𝑠. (A.5)
Differentiating (A.5), then
̇ Φ(𝑡) = ∫
𝑠
0
𝑒
𝗼𝑟𝐵̃ 𝜔(𝑟)𝑑𝑟. (A.6)
Submitting (A.5)a n d( A.6)i n t o( A.3)
̇ Φ(𝑡) =−(𝗾−𝗼 )Φ(𝑡) +𝜙(𝑡). (A.7)
The solution is
Φ(𝑡) =𝑒
−(𝗾−𝗼)𝑡 ∫
𝑡
0
𝑒
(𝗾−𝗼)𝑠𝜙(𝑠)𝑑𝑠 + 𝑒
−(𝗾−𝗼)𝑡𝜙(0). (A.8)
Differentiating (A.7)
..
Φ (𝑡) =− ( 𝗾−𝗼 )
2𝑒
−(𝗾−𝗼)𝑡 ∫
𝑡
0
𝑒
(𝗾−𝗼)𝑠𝜙(𝑠)𝑑𝑠
−( 𝗾−𝗼 )𝜙(𝑡) + ̇ 𝜙(𝑡).
(A.9)
Differentiating (A.6), then
..
Φ (𝑡) =𝑒
𝗼𝑡𝐵̃ 𝜔(𝑡) (A.10)
Submitting (A.10)t o( A.9)
𝐵̃ 𝜔(𝑡) =− ( 𝗾−𝗼 )
2𝑒
−𝗾𝑡 ∫
𝑡
0
𝑒
(𝗾−𝗼)𝑠𝜙(𝑠)𝑑𝑠
−𝑒
−𝗼𝑡 (𝗾 − 𝗼)𝜙(𝑡) +𝑒
−𝗼𝑡 ̇ 𝜙(𝑡).
(A.11)
Submitting (A.3)t o( A.11)
𝐵̃ 𝜔(𝑡) =
[ [ [ [ [ [ [ [ [ [
[
𝑐11
𝑐21
𝑐31
𝑐41
𝑐51
𝑐61
𝑐71
𝑐81
] ] ] ] ] ] ] ] ] ]
]
𝑒
−𝗽𝑡 +
[ [ [ [ [ [ [ [ [ [
[
𝑐12
𝑐22
𝑐32
𝑐42
𝑐52
𝑐62
𝑐72
𝑐82
] ] ] ] ] ] ] ] ] ]
]
𝑒
−𝗾𝑡 +
[ [ [ [ [ [ [ [ [ [
[
𝑐13
𝑐23
𝑐33
𝑐43
𝑐53
𝑐63
𝑐73
𝑐83
] ] ] ] ] ] ] ] ] ]
]
𝑒
−(𝗽+𝗾)𝑡,
(A.12)
where 𝑐𝑖1, 𝑐𝑖2,a n d𝑐𝑖3 are constant values, 𝑖=1,2,...,8.
Therefore,
|𝐵̃ 𝜔(𝑡)| ≤𝗿 𝑒
−𝜎𝑡, (A.13)
where 𝜎=min(𝗽,𝗾).
From (7)
𝐵𝜔(𝑡) = ̇ 𝑒(𝑡) +𝐵̂ 𝜔(𝑡) − (𝐴+𝐵 𝐾 )𝑒(𝑡). (A.14)
Submitting the (A.14)t ot h e( A.3)
∫
𝑡
0
𝑒
𝗼𝑠̂ 𝜔(𝑠)𝑑𝑠 − 𝗼∫
𝑡
0
∫
𝑠
0
𝑒
−𝗼𝑠̂ 𝜔(𝑟)𝑑𝑟𝑑𝑠 = 𝜓(𝑡), (A.15)
where
𝜓(𝑡) =( 𝗽−𝗾 )𝑒
(𝗼−𝗽−𝗾)𝑡 (̂ 𝜂(0) −𝜂(0))
+𝗽 𝑒
(𝗼−𝗽)𝑡𝜂(0) +( 𝑒
𝗾𝑡 −1 )∫
𝑡
0
𝑒
𝗼𝑠V(𝑠)𝑑𝑠
+[ 𝗼+( 𝗾−𝗼 )𝑒
𝗾𝑡]∫
𝑡
0
[𝜃(𝑠) + ∫
𝑠
0
𝑒
𝗼𝑟V(𝑟)𝑑𝑟]𝑑𝑠
+( 𝑒
𝑟𝑡 −1 )𝜃(𝑡),
𝜃(𝑡) =𝑒
𝗼𝑡𝑒(𝑡) −𝑒(0) − ∫
𝑡
0
𝑒
𝗼𝑠𝑒(𝑠)𝑑𝑠,
V(𝑡) =−(𝐴+𝐵 𝐾 )𝑒(𝑡).
(A.16)
B a s e do n( A.5), the following equation can be got:
∫
𝑡
0
𝑒
𝗼𝑠𝐵̂ 𝜔(𝑠)𝑑𝑠 = 𝗼𝑒
𝗼𝑠 ∫
𝑡
0
𝑒
−𝗼𝑠𝜓(𝑠)𝑑𝑠 + 𝜓(𝑡), (A.17)
where
𝜓(𝑡) =( 𝗽−𝗾 )𝑒
(𝗼+𝗾−𝗽)𝑡 (̂ 𝜂(0) −𝜂(0))
+𝗽 𝑒
(𝗼−𝗽)𝑡𝜂(0) +( 𝑒
𝗾𝑡 −1 )∫
𝑡
0
𝑒
𝗼𝑠V(𝑠)𝑑𝑠
+( 𝗼+( 𝗾−𝗼 )𝑒
𝗾𝑡)∫
𝑡
0
[𝜃(𝑠) + ∫
𝑠
0
𝑒
𝗼𝑠V(𝑟)𝑑𝑟]𝑑𝑠
+( 𝑟
𝗾𝑡 −1 )𝜃(𝑡).
(A.18)
The proof is completed.8 Mathematical Problems in Engineering
B. Proof of Theorem 2
According to Lemma 1, the error between the estimate value
and the real disturbance is
|𝐵̃ 𝜔(𝑡)| ≤𝗿 𝑒
−𝜎𝑡. (B.1)
Hence, with the 𝑡→∞ ,t h e
|𝐵̃ 𝜔(𝑡)| 򳨀→ 0. (B.2)
The disturbance estimation ̂ 𝜔(𝑡) can converge to its true
value 𝜔(𝑡).
For error dynamic model of SUAR in (4), consider the
nonnegative function
𝑉=
1
2
𝑒
𝑇𝑃𝑒, (B.3)
where the 𝑃 is the symmetric definite matrix solution to
(𝐴+𝐵 𝐾 )
𝑇𝑃+𝑃(𝐴+𝐵 𝐾 ) =− 𝑄 , (B.4)
where 𝑄 is the symmetric definite matrix solution.
Thus, the time derivative of the nonnegative function can
be defined as follows
̇ 𝑉 =𝑒
𝑇 ̇ 𝑒=− 𝑒
𝑇𝑄𝑒 + 2𝑒
𝑇𝐵(𝜔(𝑡) − ̂ 𝜔(𝑡)). (B.5)
By using Young’s inequality, the following inequality
holds:
𝑒
𝑇𝐵(𝜔(𝑡) − ̂ 𝜔(𝑡)) ≤
򵄨 򵄨 򵄨 򵄨 򵄨𝑒
𝑇𝐵(𝜔(𝑡) − ̂ 𝜔(𝑡))
򵄨 򵄨 򵄨 򵄨 򵄨
≤
򵄨 򵄨 򵄨 򵄨 򵄨𝑒
𝑇򵄨 򵄨 򵄨 򵄨 򵄨|𝐵(𝜔(𝑡) − ̂ 𝜔(𝑡))| ≤
򵄨 򵄨 򵄨 򵄨 򵄨𝑒
𝑇򵄨 򵄨 򵄨 򵄨 򵄨𝗿𝑒
−𝜎𝑡.
(B.6)
Therefore,
̇ 𝑉≤− 𝑒
𝑇𝑄𝑒 +
򵄨 򵄨 򵄨 򵄨 򵄨𝑒
𝑇򵄨 򵄨 򵄨 򵄨 򵄨𝗿𝑒
−𝜎𝑡. (B.7)
With the 𝑡→∞ ,t h e
𝗿𝑒
−𝜎𝑡 򳨀→ 0. (B.8)
Then, ̇ 𝑉≤0 ,a s𝑡→∞ .
That is, the error dynamic model of the SUAR system is
asymptotically stable.
Then, it can prove that the tracking error 𝑒→0 ,a s𝑡→
∞.
The proof is completed.
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